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1. INTRODUCTION
In this paper, we study the existence and nonexistence of global positive
solutions of the following convective porous medium equations:
m
m nu s u q u , x g 0, 1 , t ) 0 .  .  .x x xt n
m <u s 0, t ) 0 . xs0x 1.1 .
m p<u s au , t ) 0 . xs1x
w xu x , 0 s u x ) 0, x g 0, 1 , .  .o
 . w x  .where m, n, m, p, a ) 0, u x g C 0, 1 and u x G d for some small0 0
d ) 0. Our main objectives are to obtain the necessary and sufficient
conditions for the existence of global solutions.
 .From a physical point of view, the differential equations in 1.1 have
been suggested as some models, for example, the unsaturated flow of
water through a homogeneous, isotropic, rigid porous medium n G m G
.1 ; the compressible flow of a gas through a saturated porous medium
 .n s 1 F m ; the convective medium equation; the nonlinear Fokker]
w xPlanck equation, see 1]3 and the references therein. The nonlinear
 .boundary condition in 1.1 prescribed at x s 1 can be physically inter-
preted as the nonlinear radiation law, which here is actually an absorption
w xlaw; see 5 .
 .Equation 1.1 , when m s 0, has been studied by many authors, and the
necessary and sufficient conditions for the global existence of positive
w xsolutions have been obtained; see 4, 6]8 .
2. MAIN RESULTS AND THE PRELIMINARIES
 .Without loss of generality, we take m s a s 1 and let V s 0, 1 ,
 .Q s V = 0, T .T
 . w x  .DEFINITION. A function u x, t , defined everywhere on 0, 1 = 0, T
 .  .and almost everywhere on V, is called a lower upper solution of 1.1 on
Q if the following all hold.T
 . ` .i u g L Q for any 0 - t - T ,t
 .  .  .  .ii u x, 0 F G u x on V,0
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2, 1 . w .  .   ..iii for every t g 0, T and c g C Q l C V = 0, T lT
 .V Q , the following holds:T
u x , t c x , t dxF G u x c x , 0 dx .  .  .  .  .H H 0
V V
1t 1 m nq uc q u c y u c dx dsH H s x x xn0 0
1t p n mq u 1, s q u 1, s c 1, s y u 1, s c 1, s .  .  .  .  .H x n0
1
m nqu 0, s c 0, s y u 0, s c 0, s ds, .  .  .  .x 5n
 .  < < 2 . 4where V Q s c N c , =c , Dc g L Q and c G 0 .T t T
 .  .A function u x, t is called a solution of 1.1 on Q if it is both a lowerT
 .solution and an upper solution of 1.1 on Q .T
w xBy Theorems 2.1, 2.2, and 2.3 of 1 we have
PROPOSITION 2.1.
 .  .i There exist T ) 0 and a unique noncontinuable solution u x, t of
 .  .1.1 on Q satisfying u x, t G d . Moreo¨er, if T - q`, thenT
5 5lim sup u ?, t s q`. . `ytªT
 .  .  .ii Suppose that u x, t and u x, t are the upper and lower solutions
 .  .  .of 1.1 respecti¨ ely on Q . If u x, 0 G u x, 0 G s for some small s ) 0,T
 .  .then u x, t G u x, t in Q .T
Using Proposition 2.1 we have
 .  ..  .PROPOSITION 2.2. Suppose that u x, t u x, t is a classical upper lower
 .  .  .  .  . .solution of 1.1 . If u x, 0 G u x u x G u x, 0 G s ) 0 , then the solu-0 0
 .  .tion u x, t of 1.1 satisfies
u x , t F u x , t u x , t G u x , t . .  .  .  . .
Our main results read as follows
 .  .THEOREM 1. Assume that u x, t is the solution of 1.1 and m G 1.
 .  .i If m F n, then p q n y 1 F m implies that u x, t exists globally;
 .p q n y 1 ) m implies that u x, t blows up in finite time.
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 .  .ii If m ) n, then p F 1 implies that u x, t exists globally; p ) 1
 .implies that u x, t blows up in finite time.
 .  .THEOREM 2. Assume that u x, t is the solution of 1.1 and m - 1.
 .  .i If 2 p F m q 1, then n F m y p q 1 implies that u x, t exists
 .globally; n ) m y p q 1 implies that u x, t blows up in finite time.
 .  .ii If 2 p ) m q 1, then u x, t blows up in finite time.
Our Theorems 1 and 2 give a complete answer to the existence and
 .nonexistence of the global solutions of 1.1 . The main approach to the
proof of our theorems is based on the upper and lower solutions and the
 .comparison principle Proposition 2.2 . Throughout this paper we denote
q s p y m q 1.
3. PROOF OF THEOREM 1
We divide the proof into some lemmas.
 .LEMMA 3.1. If p ) 1, then u x, t blows up in finite time.
 .Proof. Let 0 - e - dr2 and f s be the solution of
f9 s s f q s rm , s ) 0; f 0 s e . 3.1 .  .  .  .
 .Choose 0 - h < 1 such that f s - d for all 0 F s F 2h. If m G 1, let
 .g t be the solution of
g 9 t s hmf my 1 g t q h , t ) 0; g 0 s 0. 3.2 .  .  .  . .
 .If m - 1, let g t be the solution of
g 9 t s hmf my 1 g t q 2h , t ) 0; g 0 s 0. 3.3 .  .  .  . .
 .Using 3.1 and q q m y 1 s p ) 1, it follows that there exists 0 - T -0
q` such that
lim f g t q h s q` if m G 1; . .
ytªT0
lim f g t q 2h s q` if m - 1. . .
ytªT0
 .   .  2 ..  .Let u x, t s f g t q h x q 1 ; then u x, t blows up in finite time.
 .  2 .  .Denote t s g t q h x q 1 . Using 3.1 , a series of computations yields
um q 1rn un s mumy 1u q m m y 1 umy 2 u2 q uny1u .  . .  . x x x xx x x x
2 2 py1s 2f9 t 2 ph x f t .  .
my 1 ny1qmhf t q h xf t .  .
G mhf9 t f my 1 t . .  .
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 .  .  .Because g t q 2h G t G g t q h and f9 s ) 0, if m G 1, we have
um q 1rn un G mhf9 t f my 1 g t q h s f9 t g 9 t s u . .  .  .  .  . . .  . tx x x
If m - 1, we have
um q 1rn un G mhf9 t f my 1 g t q 2h s f9 t g 9 t s u . .  .  .  .  . . .  . tx x x
m <u s 0, . xs0x
m my1 p p< < <u s mhu f9 t s hu F u 1, t , .  . . xs1 xs1 xs1x
2u x , 0 s f h x q 1 F f 2h - d F u x . .  .  .  . . 0
 .  .  .By Proposition 2.2 we have u x, t G u x, t , and hence u x, t blows up
in finite time.
 .LEMMA 3.2. If p F 1 F m and p q n y 1 F m, then u x, t exists
globally.
 .Proof. Since p F m, we have q F 1. Let f s be the global solution of
f9 s s f q s rm , s ) 0; f 0 s max u x q 1. 3.4 .  .  .  .  .0
V
 .If n - 1, let g t be the solution of
g 9 t s 2 2 p q m q 1 f my 1 g t q 2 , t ) 0; g 0 s 0. .  .  .  . .
 .If n G 1, let g t be the solution of
g 9 t s 2 2 p q m f my 1 g t q 2 q 2f ny1 g t q 2 , t ) 0, .  .  .  . .  .
g 0 s 0. .
Because q q m y 1 s p F 1, q q n y 1 s p y m q n F 1, it is easy to
 . w .know that g t exists on 0, q` . Take
2u x , t s f g t q 1 q x ; .  . .
 .then u x, t exists globally. A series of computations yields
m nu q 1rn u .  .  .x x x
2 py1 my1 ny1s 2f9 t 2 px f t q mf t q xf t , .  .  .  .
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 . 2  .where t s g t q 1 q x F g t q 2. For the case of n - 1, because
 .  .  .f t ) f 0 ) 1, p, n F 1 F m and f9 t ) 0, we have
m n my1u q 1rn u F 2f9 t 2 p q m q 1 f t .  .  .  .  .  .x x x
F 2f9 t 2 p q m q 1 f my 1 g t q 2 .  .  . .
s f9 t g 9 t s u . .  . t
For the case of n G 1, similarly we have
m n my1 ny1u q 1rn u F 2f9 t 2 p q m f t q f t .  .  .  .  .  .  .x x x
my 1F 2f9 t 2 p q m f g t q 2 .  .  . .
ny1qf g t q 2 . .
s f9 t g 9 t s u . .  . t
mu 0, t s 0, .  .x
m my1 my1 my1qq pu 1, t s mu u 1, t s2mf f9s2f G u 1, t , .  .  .  .x x
2u x , 0 s f 1 q x ) f 0 ) u x . .  .  .  .0
 .  .  .  .Hence u x, t is an upper solution of 1.1 , u x, t F u x, t . Therefore
 .u x, t exists globally.
 .LEMMA 3.3. If p F 1 F m and p q n y 1 ) m, then u x, t blows up in
finite time.
 .Proof. By the assumptions we have n ) 1 and q F 1. Take f s be the
global solution of
f9 s s f q s rm , s ) 0; f 0 s e , 3.5 .  .  .  .
 .where 0 - e - dr2. Then lim f s s q`, and there exists 0 -sªq`
1  .  .h - such that f s - d for all 0 F s F 3h. Let g t be the solution of4
g 9 t s hf ny1 g t q h , t ) 0; g 0 s 0. .  .  . .
Using q q n y 1 s p y m q n ) 1, we know that there exists 0 - T -0
 .yq` such that lim g t s q`. Taket ª T0
u x , t s f g t q h x 2 q x q 1 ; .  .  . .
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 .then u x, t blows up in finite time. A series of computations yields
2m n 2 py1 my1u q 1rn u s f9 t ph 2 x q 1 f t q 2mhf t .  .  .  .  . .  . x x x
qh 2 x q 1 f ny1 t .  . .
G hf9 t f ny1 t , .  .
 .  2 .  .where t s g t q h x q x q 1 G g t q h. Since n ) 1 and f9 ) 0, it
follows that
um q 1rn un G hf9 t f ny1 g t q h s f9 t g 9 t s u . .  .  .  .  . . .  . tx x x
mu 0, t G 0, . . x
m p pu 1, t s 3hu 1, t F u 1, t , .  .  . . x
2u x , 0 s f h x q x q 1 F f 3h - d F u x . .  .  .  . . 0
 .  .  .  .Therefore, u x, t is a lower solution of 1.1 , u x, t G u x, t ; hence
 .u x, t blows up in finite time.
Now we complete the proof of Theorem 1. Since m G 1,
 .i if m F n and p q n y 1 F m, then we have p F m y n q 1 F 1.
 .Lemma 3.2 asserts that u x, t exists globally. If m F n and p q n y 1 )
 .  .m, by Lemma 3.1 for p ) 1 and Lemma 3.3 for p F 1 we have that
 .u x,t blows up in finite time.
 .ii If m ) n and p F 1, then we have p q n y 1 F n - m. Lemma
 .3.2 asserts that u x, t exists globally. If m ) n and p ) 1, by Lemma 3.1
 .we have that u x, t blows up in finite time.
The proof of Theorem 1 is completed.
4. PROOF OF THEOREM 2
We divide the proof into some lemmas.
LEMMA 4.1. Assume that m - 1, 2 p F m q 1. If n F m y p q 1, then
 .u x, t exists globally.
 .Proof. We first consider the case of p F m; thus q F 1. Take f s to
 .be the global solution of 3.4 .
 .If n F 1, let g t be the solution of
g 9 t s 8 f my 1 g t q 1 q f ny1 g t q 1 , t ) 0; g 0 s 0. .  .  .  . .  . .
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 .If n ) 1, let g t be the solution of
g 9 t s 8f ny1 g t q 2 , t ) 0; g 0 s 0. .  .  . .
Since q q m y 1 s p F m - 1, q q n y 1 s p q n y m F 1, we know
 .that g t exists globally. Set
2u x , t s f g t q 1 q x ; .  . .
 .  .then u x, t exists globally. If n F 1, using p F m - 1, f t ) 1 and
 . 2  .t s g t q 1 q x G g t q 1, similar to the proof of Lemma 3.2, we have
m n 2 py1 my1u q 1rn u s 2f9 t 2 px f t q mf t .  .  .  .  .  .x x x
ny1qxf t .
my 1 ny1F 2f9 t 3f t q f t .  .  .
my 1 ny1F 2f9 t 3f g t q 1 q f g t q 1 .  .  . .  .
F f9 t g 9 t s u , 0 - x - 1, t ) 0. .  . t
4.1 .
 .  . 2If n ) 1, using p F m - 1 - n, f t ) 1 and t s g t q 1 q x F
 .  .g t q 2, we also get 4.1 .
m m pu 0, t s 0, u 1, t G u 1, t , t ) 0, .  .  .  .  .x x
u x , 0 ) f 0 ) u x . .  .  .0
 .  .  .  .This shows that u x, t is an upper solution of 1.1 , u x, t F u x, t .
 .Therefore u x, t exists globally.
Second, we consider the case of p ) m.
 .In this case, q ) 1. Let 0 - h < 1 such that q y 1 hrm - 1. Let
 .0 - e < 1 and f s be the solution of
f9 s s f q s rm , s ) 0; f 0 s e 1r1yq. , 4.2 .  .  .  .
 . w  . x1r1yq.  . w  ..i.e., f s s e q 1 y q srm , f s is well defined on 0, S e and0
 .  .  .lim f s s q`, where S e s mer q y 1 . Takesª S e . 00
h x s 1r2 cos p xr2 , l s 4rp , M s p q mp q 1 q 2mrh , .  .  .
 .and let g t be the solution of
g 9 t s Mf1yq g t , t ) 0; g 0 s 0. 4.3 .  .  .  . .
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Then we have
g t s me 1 y exp M 1 y q trm r q y 1 - S e , .  .  .  . . 0
 .  .  .  . band lim g t s S e . Set b s 1 y p r p y m , e s he , andt ªq` 0 1
lre1u x , t s f g t q e 1 y h x . .  .  . . .1
 .Because 2 p F m q 1, we have b G 1. It is easy to prove that u x, t is well
w  ..defined on V = 0, T e , where0
m
by1T e s y ln q y 1 he rm . .  . .0 M q y 1 .
 .   .. lre1  .Denote t s g t q e 1 y h x ; using 4.2 we have1
u s f9 t g 9 t , .  .t
 .lye re1 1u s ylf9 t h9 1 y h , .  .x
2 qy1 2u s ql rm f t f9 t h9 .  . .x x
 .2 lye re1 1= 1 y h ql lre y 1 .  .1
 .ly2 e re2 1 1= f9 t h9 1 y h .  .
 .lye re1 1q pf9 t h 1 y h , .  .
m n my1 my2 2 ny1u q 1rn u s mu u q m m y 1 u u q u u .  .  .  .x x x x x x x
 .2 lye re2 py1 2 1 1s f9 t pl f t h9 1 y h .  .  .
 .ly2 e remy1 2 1 1qml lre y 1 f t h9 1 y h .  .  .1
 .lye remy1 1 1qmpf t h 1 y h .  .
 .lye reny1 1 1ylf t h9 1 y h .  .
py1 my1F f9 t pf t q m lre y 1 f t .  .  .  .1
my 1 ny1qmpf t q f t . 4.4 .  .  .
Since 2 p F m q 1 - 2, n F m y p q 1, we have
f py1 t s f1yq t f pqqy2 t sf1yq t .  .  .  .
 .  .pqqy2 r 1yq 1yq= e q 1 y q trm F f t , .  .
1 1 1
my 1 1yq qqmy2 1yq bf t s f t f t F f t e .  .  .  .
e e e1 1 1
s f1yq t rh , .
f ny1 t s f1yq t f qqny2 t F f1yq t . .  .  .  .
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 .Substituting into 4.4 , we get
m n 1yqu q 1rn u F f9 t p q mp q 1 q 2mrh f t .  .  .  .  .  .x x x
s Mf9 t f1yq t F Mf9 t f1yq g t .  .  .  . .
 .  .  .because q ) 1, f9 t ) 0, and t G g t . By 4.3 we have
m nu G u q 1rn u , 0 - x - 1, 0 - t - T e . .  .  .  .x x xt 0
It is easy to get
m m pu 0, t s 0, u 1, t su 1, t , .  .  .  .  .x x
1r1yq.u x , 0 G f 0 s e G u x if 0 - e < 1. .  .  .0
 .  . w  ..  .Hence u x, t is an upper solution of 1.1 on V = 0, T e , and u x, t F0
 . w  ..u x, t holds on V = 0, T e . By b G 1, it is easy to prove that there0
exist e ) 0 and T ) 0 such that0 0
T e ) 2T for 0 - e F e . .0 0 0
 . w x  .  .This shows that u x, t exists on V = 0, T , and u x, T F u x, T F0 0 0
 .max u x, T - q`.V 0
 .Repeating the above procedure it can be proved that u x, t exists on
w x  .V = 0, 2T . By the inductive method we can prove that u x, t exists0
globally. The proof of Lemma 4.1 is complete.
LEMMA 4.2. Assume that m - 1 and 2 p F m q 1. If n ) m y p q 1,
 .then u x, t blows up in finite time.
Proof. If p F m, the proof is the same as that of Lemma 3.3. In the
following we need only deal with the case of p ) m. In this case we have
 .q ) 1. Let f s be the solution of
f9 s s f q s rm , s ) 0; f 0 s e , 4.5 .  .  .  .
1  .where 0 - e - dr2. There exists 0 - h - , such that f s F d for all4
 .0 F s F 4h. If n G 1, let g t be the solution of
g 9 t s hf ny1 g t q h , t ) 0; g 0 s 0. .  .  . .
 .If n - 1, let g t be the solution of
g 9 t s hf ny1 g t q 3h , t ) 0; g 0 s 0. .  .  . .
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Since q q n y 1 s p y m q n ) 1, there exists T - q` such that0
lim f g t q h s q` for n G 1, . .
ytªT0
lim f g t q 3h s q` for n - 1. . .
ytªT0
Take
u x , t s f g t q h x 2 q x q 1 ; .  .  . .
 .then u x, t blows up in finite time. Similar to the proof of Lemma 3.3 it
 .  .  .can be proved that u x, t is a lower solution of 1.1 . Therefore u x, t G
 .  .u x, t , u x, t blows up in finite time. The proof is complete.
 .LEMMA 4.3. If m - 1 and 2 p ) m q 1, then u x, t blows up in finite
time.
Proof. If p ) 1, by Lemma 3.1 we know that Lemma 4.3 is true. In the
following we need only deal with the case of p F 1.
 .Since 2 p ) m q 1, it follows that q ) 1. Let 0 - e - dr2 and f s be
 .the solution of 4.5 . Take h to be as in the proof of Lemma 4.2, and let
 .g t be the solution of
g 9 t s ph 2f py1 g t q 3h , t ) 0; g 0 s0. .  .  . .
Let
u x , t s f g t q h x 2 q x q 1 ; .  .  . .
 .then u x, t blows up in finite time. Similar to the proof of Lemma 3.3 we
 .  .  .  .  .have that u x, t is a lower solution of 1.1 . Hence u x, t G u x, t , u x, t
blows up in finite time.
From Lemmas 4.1]4.3 we know that Theorem 2 is true.
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